Abstract. We consider µp-and αp-actions on RDP K3 surfaces (K3 surfaces with rational double point singularities allowed) in characteristic p > 0. We study possible characteristic, quotient surfaces, and quotient singularities. It turns out that these properties of µp-and αp-actions are analogous to those of Z/lZ-actions (for primes l = p) and Z/pZ-quotients respectively. We also show that conversely an RDP K3 surface with a certain configuration of singularities admits a µp-or αp-or Z/pZ-covering by a "K3-like" surface, which is often an RDP K3 surface but not always, as in the case of the canonical coverings of Enriques surfaces in characteristic 2. As a by-product we prove that certain RDPs or configurations of RDPs, for example D 1 8 in characteristic 2, cannot appear on RDP K3 surfaces.
1
8 in characteristic 2, cannot appear on RDP K3 surfaces.
Introduction
K3 surfaces are proper smooth surfaces X with Ω 2 X ∼ = O X and H 1 (X, O X ) = 0. The first condition implies that X has a global non-vanishing 2-form and it is unique up to scalar.
Actions of (finite or infinite) groups on K3 surfaces have been vastly studied. For example, the quotient of a K3 surface by an action of a finite group of order prime to the characteristic is birational to a K3 surface if and only if the action preserves the global 2-form, and moreover the list of possible such finite groups is determined in characteristic 0. Much less studied are infinitesimal actions, or derivations, on K3 surfaces in positive characteristic (with the exception of those with Enriques quotients in characteristic 2). Perhaps this is because it is known that smooth K3 surfaces admit no nontrivial global derivations. However we find many examples of nontrivial global derivations when we will look at RDP K3 surfaces, by which we mean we allow rational double point singularities (RDPs), the simplest 2-dimensional singularities.
In this paper we consider derivations that correspond to actions of group schemes µ p and α p . We study possible characteristic, quotient surfaces, and quotient singularities. It turns out that these properties of µ p -and α pactions are quite similar to those of Z/pZ-actions in characteristic = p and characteristic p respectively.
The actions of µ p , and more generally of µ p e and µ n , on K3 surfaces are also discussed in our previous paper [Mat17] .
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The content and the main results of this paper are as follows. In Section 2 we introduce fundamental notions and properties of derivations. Then in Section 3 we describe local behaviors of derivations related to RDPs. We classify p-closed derivations on RDPs without fixed points (Theorem 3.3) and RDPs arising as p-closed derivation quotients of regular local rings (Lemma 3.6(2)).
We show that a µ p -or α p -quotient Y of an RDP K3 surface X in characteristic p is either an RDP K3 surface, an RDP Enriques surface, or a rational surface (Proposition 4.1). For µ p -actions we proved in [Mat17] that the quotient is an RDP K3 surface if and only if the induced action on the global 2-forms is trivial (this is parallel to the case of the actions of finite groups of order not divisible by p). For α p -actions we could not find a similar criterion, since in this case the action on the 2-form is always trivial (this is parallel to Z/pZ-actions).
Suppose both X and the quotient Y are RDP K3 surfaces. We determine the possible characteristic p for both µ p and α p , and we moreover determine the possible singularities of Y (Theorem 4.7). Again the results are parallel to Z/lZ (for a prime l = p) and Z/pZ respectively. We also determine the possible singularities of X when Y is a supersingular Enriques surface (Theorem 8.1).
We also consider the inverse problem, asking that whether an RDP K3 surface Y with a certain configuration of singularities (and certain additional properties) can be written as the G-quotient of an RDP K3 surface X. It is known (at least to experts) that the answer is affirmative if G = Z/lZ. We show a similar result (Theorem 7.3) for Z/pZ, µ p , and α p , although if G = µ p or G = α p then X is only "K3-like" (Definition 7.2) in general and it may fail to be an RDP K3 surface. This behavior is analogous to that of the canonical µ 2 -and α 2 -coverings of Enriques surfaces in characteristic 2. An unexpected by-product (Corollary 7.5) of our argument is that certain RDPs (and certain combinations of RDPs), for example D 1 8 in characteristic 2, cannot appear on RDP K3 surfaces. Now suppose π : X → Y is a finite purely inseparable morphism of degree p between RDP K3 surfaces. It is not necessarily the quotient morphism by a (regular) action of µ p or α p . We show (Theorem 5.1) that π admits a finite "covering"π :X →Ȳ that is a µ p -or α p -quotient morphism between either RDP K3 surfaces or abelian surfaces. We determine the possible covering degree and the characteristic for each case.
In Sections 8-9 we give explicit examples of RDP K3 surfaces and derivations.
Throughout the paper we work over an algebraically closed field k of characteristic p ≥ 0, and whenever we refer to µ p , α p , or p-closed derivations we assume p > 0.
Preliminary on derivations
Let X be a scheme. A (regular) derivation on X is a k-linear endomorphism D of O X satisfying D(f g) = f D(g) + D(f )g.
Suppose for simplicity that X is integral. Then a rational derivation on X is a global section of Der(O X ) ⊗ O X k(X), where Der(O X ) is the sheaf of derivations on X. Thus, a rational derivation is locally of the form f −1 D with f a regular function and D a regular derivation.
We say that a derivation D on an integral scheme X is p-closed if there exists h ∈ k(X) with D p = hD.
If D is p-closed, then X D is the scheme with underlying topological space homeomorphic to (and often identified with) X, and with structure sheaf O X D = O D X = {a ∈ O X | D(a) = 0} consisting of the D-invariant elements of O X . The natural morphism X → X D is finite of degree p (unless D = 0). If X is normal then so is X D .
If D is a derivation on a scheme X, then it extends to actions on Ω Lemma 2.1 (Hochschild's formula). Let A be a k-algebra in characteristic p > 0, a an element of A, and D a derivation on A. Then
In particular, if D is p-closed then so is aD. If X is only normal, then we can still define (D) as a Weil divisor.
Rudakov-Shafarevich [RS76] uses the terminology (divisorial, isolated) singularity for the fixed locus. We do not use this, as we want to distinguish it from the singularities of the varieties.
The next theorem is proved by Rudakov-Shafarevich [RS76, Theorem 3] for regular derivations D satisfying some assumptions, and by KatsuraTakeda [KT89, Proposition 2.1] for general rational derivations. The next lemma is useful when analyzing local properties.
Lemma 2.4. Suppose B is a local domain equipped with a p-closed derivation D = 0 such that Fix(D) is principal. Then the maximal ideal m of B is generated by elements x j (j ∈ J) and y, satisfying D(x j ) = 0. If m is generated by n elements then we can take |J| = n − 1.
If B is smooth, then this is proved in [Ses60, Proposition 6] (see also [RS76, Theorem 1 and Corollary]).
Proof. Take f ∈ B with (D) = div(f ). By considering the (regular) derivation D ′ := f −1 D, which is also p-closed by Hochschild's formula (Lemma 2.1), we may assume (D) = 0, hence Fix(D) = ∅.
Take h ∈ B such that D p = hD. Note that then D(h) = 0. Take an element y ∈ B with D(y) ∈ m (which exists since m ∈ Fix(D)). We may assume y ∈ m.
Take elements (x ′ j ) j∈J ′ generating m. Let
Then we have D(x j ) = 0 and, since x j ≡ ux ′ j (mod yB), it follows that x j (j ∈ J ′ ) and y generate m. We can remove one of the elements, which cannot be y since (D(x j )) ⊂ m, hence we can remove x j 0 for some j 0 ∈ J ′ , hence x j (j ∈ J ′ \ {j 0 }) and y generate m.
We can compare D-invariant top differential forms with forms on quotients.
Proposition 2.5. Let X be a smooth variety of dimension m (not necessarily proper) equipped with a p-closed derivation D without isolated fixed point (hence Fix(D) consists of its divisorial part (D)). Then there is a collection of isomorphisms
⊗n for all integers n, compatible with multiplication, preserving the zero loci of forms, and sending (for n = 1)
In particular, if D is fixed-point-free, then we have isomorphisms
with the same properties.
This refines the Rudakov-Shafarevich formula [RS76, Corollary 1 to Propo-
Proof. The isomorphism for n = 0 is clear. It suffices to construct an isomorphism for n = 1 that is compatible with multiplication with n = 0 forms and with restriction to open subschemes.
Take a closed point w ∈ X. Then by Lemma 2.4 there is a coordinate x 1 , . . . , x m on a neighborhood of w with D(x j ) = 0 for 1 ≤ j < m and (D(x m )) = (D). Define locally a morphism
generator of the left-hand side). We show that then φ sends
) for any f 0 , . . . , f m−1 and f m as in the statement (with f m in place of g). This implies that φ does not depend on the choice of the coordinate and hence that φ induces a well-defined morphism of sheaves. Then since
, it follows that φ is an isomorphism and φ ⊗n are well-defined isomorphisms.
We may pass to the completion, so consider 
). The assertion follows.
Finally we recall the following correspondences between derivations and actions of (non-reduced) group schemes. Proposition 2.6. Let G = µ p (resp. G = α p ). A G-action on a scheme X corresponds to derivations D on O X of multiplicative type (resp. of additive type), that is, D p = D (resp. D p = 0). The quotient scheme X/G always exists, and coincides with X D .
Proof. Well-known.
Local properties of derivations on smooth points and RDPs
In this section we will recall basic properties of RDPs and then consider derivations on RDPs.
Definition 3.1 (RDPs). Rational double point singularities in dimension 2, RDPs for short, are the 2-dimensional canonical singularities.
The exceptional curves of the resolution of singularity and their intersection numbers form a Dynkin diagram of type A n , D n , or E n . We say that the RDP is of type A n , D n , or E n . For D n and E n in characteristic 2, E n in characteristic 3, and E 8 in characteristic 5, and in no other cases, there are more than one, finitely many, isomorphism classes of singularity sharing the same Dynkin diagram. They are classified and named as D r n and E r n (r belonging to a certain finite set of non-negative integers depending on the characteristic and the Dynkin diagram) by Artin [Art77] . In these cases, 
and also in the case of A n with p | (n + 1) and D n with p | (n − 2), and in no other cases, the fundamental groups are different from those of the corresponding RDPs in characteristic 0, again see [Art77] . We refer to n and r as the index and coindex of the RDP. We call Spec A ′ a local RDP if A ′ is a 2-dimensional complete local kalgebra that is an RDP.
If Spec A ′ is either Spec k[[x, y]] or a local RDP, then we denote Pic(A ′ ) = Pic((Spec A ′ ) sm ) and call this the local Picard group of A ′ . This group is determined from the Dynkin diagram as in Table 1 and is independent of the characteristic and the coindex. RDP K3 surfaces are proper RDP surfaces whose minimal resolutions are (smooth) K3 surfaces. We similarly define RDP Enriques surfaces.
Since abelian surfaces and (quasi-)hyperelliptic surfaces do not admit smooth rational curves, any RDP abelian or RDP (quasi-)hyperelliptic surface is smooth.
Theorem 3.3. Let X be a surface equipped with a nontrivial p-closed derivation D, and w ∈ X a closed point. Let π : X → Y = X D be the quotient morphism.
(1) Assume w / ∈ Fix(D). If w is a smooth point then π(w) is also a smooth point. If w is an RDP then π(w) is either a smooth point or an RDP, and more preciselyÔ X,w is isomorphic to one in Table 2 up to terms of high degree. In either case X × YỸ → X is crepant, whereỸ → Y is the minimal resolution at π(w).
(2) If w ∈ Fix(D), then D uniquely extends to a derivation D 1 on X 1 = Bl w X. Suppose moreover that (D) = 0, that w is an RDP, and that π(w) is either a smooth point or an RDP. Then π(w) is an RDP, (D 1 ) = 0, the image of each point above w is either a smooth point or an RDP, and g :
Proof of Theorem 3.3.
(1) Assume w is a smooth point (then this is proved in [Ses60, Proposition 6]). Taking a coordinate x, y as in Lemma 2.4 (i.e.
Assume w is an RDP. By Lemma 2.4 we have a coordinate x, y, z satisfying D(x) = D(y) = 0 and D(z) = 0.
We recall the classification [Mat17, Theorem 4.6(1)] of all formal power series
defines an RDP at the origin, up to multiples by units, up to ignoring high degree terms, and up to coordinate change preserving the invariant subalgebra 
The result is displayed in Table 2 . We observed that in each case π(w) is either a smooth point or an RDP and that X × YỸ is an RDP surface crepant over X, whereỸ → Y is the resolution at π(w). (The entries of the singularities of X × YỸ is omitted if Y is already smooth.) (2) Take a nonzero 2-form χ on Y . Let ω be the D-invariant 2-form on X corresponding to χ under the isomorphism in Proposition 2.5. Let ω 1 = q * ω, where q : X 1 → X is the blow-up. Let χ 1 be the 2-form on Y 1 corresponding to ω 1 . Then we have
By assumption we have (D) = 0 and K X 1 /X = 0. Hence we have π Definition 3.4 (cf. [Mat17, Definition 4.5]). We say that an RDP surface X equipped with a p-closed derivation D is maximal at a closed point w ∈ X (not necessarily fixed) if either w ∈ X is a smooth point or π(w) ∈ X D is a smooth point. We say that X, or the quotient morphism π : X → Y = X D , is maximal with respect to the derivation if it is maximal at every closed point. We define the maximality of µ p -and α p -actions similarly. 
with X ′ → X and Y ′ → Y surjective birational and crepant, D ′ = D on the isomorphic locus of X ′ → X, and π ′ maximal. If D is of multiplicative (resp. additive) type, then so is D ′ .
Proof of Corollary 3.5. If D has a fixed RDP w (which is an isolated fixed point by assumption) then consider X 1 = Bl w X → X and π 1 :
where D 1 is the induced derivation on X 1 . By Theorem 3.3(2), D 1 on X 1 satisfies the same condition, and X 1 → X and Y 1 → Y are crepant. Repeating this finitely many times, we may assume X 1 has no fixed RDP.
If D 1 has a non-fixed RDP w whose image π(w) is an RDP, then consider X 2 = X 1 × Y 1Ỹ 1 and the induced derivation D 2 , whereỸ 1 → Y 1 is the minimal resolution at π(w). Comparing 2-forms as in the proof of Theorem 3.3(2), we obtain (p − 1)(D 2 ) = K X 2 /X 1 . Since w ∈ Fix(D 1 ) is equivalent to the existence of f ∈ O X 1 ,w with D 1 (f ) ∈ O X 1 ,w , and since this property inherits to points above w, we have (D 2 ) = 0 and hence K X 2 /X 1 = 0. Therefore X 2 → X 1 and Y 2 → Y 1 are crepant and D 2 on X 2 satisfies the same condition. Repeating this finitely many times, we obtain X 2 with the desired properties.
We classify RDPs that can be written as derivation quotients of smooth points, and give a bound for deg D for which the quotient may be non-RDP. The classification of such RDPs in characteristic 2 is also proved by Tziolas [Tzi17, Proposition 3.6].
is one of those listed in Table 3 . In particular, we have s = n/(p − 1) in every case, where n is the index of the RDP. For each case, the presence (resp. absence) of a check mark indicates possibility (resp. impossibility) for the derivation to be of multiplicative or additive type respectively, and the entries of D(x), D(y), and h shows an example of D giving the RDP, with D p = hD. The following corollary is an immediate consequence of this lemma and will be used in Section 4. 
i is RDP, and more precisely (p, {A Table 2 . We observe that the derivation D described in Table 3 satisfies (D) = 0 and realizes the RDP, and it is already of multiplicative or additive type when indicated to be possible.
It remains to check the impossibility for the derivation to be of multiplicative or additive type. Suppose D 1 is a derivation on A satisfying (D 1 ) = 0 and realizing the RDP. Then D 1 = f D for some f ∈ A * , where D is the derivation given in Table 3 . By Hochschild's formula (Lemma 2.1) we have
for any f ∈ A * . This proves the impossibility for all cases.
(3) If p > 5 then there is nothing to prove. We will check that if p ≤ 5 and D is of additive type with s less than the bound then A D is an RDP.
Suppose p = 5 and s = 2. We have D| m/m 2 = 0 and (D| m/m 2 ) 2 = 0. We may assume D(x) = y, D(y) = f = x 2 + g, g ∈ (y 2 , yx, x 3 ), and then D(D(f )) = 2(y 2 + x 3 ) + h, h ∈ (y 3 , y 2 x, yx 2 , x 4 ). Let
, A ′ is normal and hence A ′ = A D , and it is an RDP of type E 0 8 . Suppose p = 3 and s = 2, 3. We have D| m/m 2 = 0 and (D| m/m 2 ) 2 = 0. We may assume
Then since D(f ) = 0 it follows that s = 2, hence s = 3, and that g does not have yx.
A ′ is normal and hence A ′ = A D , and it is an RDP of type E 0 6 . Suppose p = 2. By Theorem 3.8 there exists Theorem 3.8. Let k be an algebraically closed field of characteristic p = 2.
Here
is the power series satisfying R (2) (x 2 , y 2 ) = R(x, y) 2 , and similarly for S (2) and T (2) .
We can classify quotient singularities with small deg D .
Corollary 3.9. Let D, h, R, S, T , and D ′ be as in the previous theorem.
(1) If R or S is a unit, then A D is smooth and deg D = 0.
Hereafter we assume this is not the case, and we make similar assumptions cumulatively.
4 . (4) Suppose R and S generate a 1-dimensional subspace of m/m 2 . We may assume R ∈ m 2 and S ∈ m 2 . Suppose moreover that x and R generate m. Let m = dim k A/(R, S) and n = dim k A/(R, T ) (so 2 ≤ m ≤ ∞ and 1 ≤ n ≤ ∞). Since (D ′ ) = 0, at least one of m and n is finite. (e.g.
, and that x and R do not generate m.
, and deg D = 12. (6) Suppose R, S ∈ m 2 , T ∈ m 2 . We may assume T ≡ x (mod m 2 ).
•
, and deg D = 11.
,
. We have gcd(Q, R, S, T ) = 1. We may assume Q = 0.
Since
It suffices to show that R 2 +T 2 y and S 2 +T 2 x have no nontrivial common factor. Suppose there exists an irreducible non-unit polynomial P ∈ k[[x, y]] dividing both S 2 + T 2 x and R 2 + T 2 y. Since P does not divide T , we have x = S 2 /T 2 and y = R 2 /T 2 in the quotient ring A/P , hence A/P = (A/P ) (2) , a contradiction.
Proof of Corollary 3.9. Straightforward. Setting 3.10. We use the following numbering for the exceptional curves of the resolutions of RDPs.
• A n : e 1 , . . . , e n , where e i · e i+1 = 1.
• D n : e 1 , . . . , e n , where
• E 6 : e 1 , e 2± , e 3± , e 4 , where e 1 ·e 4 = e 2+ ·e 3+ = e 2− ·e 3− = e 3± ·e 4 = 1.
• E 7 : e 1 , . . . , e 7 , where {(i, j) | i < j, e i ·e j = 1} = {(1, 2), . . . , (5, 6)}∪ {(4, 7)}.
• E 8 : e 1 , . . . , e 8 , where {(i, j) | i < j, e i ·e j = 1} = {(1, 2), . . . , (6, 7)}∪ {(5, 8)}. Proof. For each case of (p, Sing(X)), a straightforward computation yields the following description of (D) and D , from which the stated equalities follow. The cases for p = 2 also appear in [EHSB12, Lemma 6.5]. If p = 2, then D = 0. For every case, each closed point in Supp D appears with degree 1, so we write only the support. We denote by q ij the intersection of e i and e j , and by q ′ i a certain point on e i (not lying on the other components).
(
If A is a local RDP and D is a derivation on (Spec A) sm (the complement of the closed point), then D extends to a derivation on Spec A. If X is an RDP K3 surface and X/G is an RDP Enriques surface, then p = 2. Suppose X is an RDP K3 surface and Y is an RDP Enriques surface. Then by Proposition 2.5, the canonical divisor of Y has order dividing p. It is known that Enriques surfaces in characteristic = 2 has canonical divisor of order 2.
It remains to show that Y is not birational to abelian, (quasi-)hyperelliptic, or non-rational ruled surface. Since π is purely inseparable we have
is an RDP K3 surface or an RDP Enriques surface we have b 1 (X) = 0, whereas (proper surfaces birational to) abelian, (quasi-)hyperelliptic, and non-rational ruled surfaces have b 1 > 0.
Remark 4.2. Suppose X is an RDP K3 surface. If G = µ p , we showed in [Mat17, Theorems 5.1 and 5.3] that X/µ p is an RDP K3 surface if and only if the action is symplectic ([Mat17, Definition 2.6]) in the sense that the nonzero global 2-form ω on X sm , which is unique up to scalar, is D-invariant Theorem 4.3. Let X be a proper normal variety with
Then π is the quotient morphism by either a µ p -action or an α p -action.
Proof of Theorem 4.3. Take a generator
. Then by the Rudakov-Shafarevich formula
we have (p − 1)(D ′ ) = 0 in Pic(X sm ), and by assumption we have in fact
′ is a regular derivation on X with (D) = 0. By Hochschild's formula D is also p-closed, hence D p = λD for some everywhere regular function λ on X, hence λ ∈ k, and by replacing D with a scalar multiple we may assume λ = 0 or λ = 1, and then D gives either an α p -or µ p -action respectively.
Corollary 4.4. Let X and Y be RDP surfaces with K X numerically trivial, K Y trivial, and Pic(Ỹ ) torsion-free. If π : X → Y is the quotient morphism by either a µ p -action or an α p -action, then so is the induced morphism π : Y → X (p) (but not necessarily by the same group).
Proof. First consider the case π is maximal. Then each point w ∈ Fix(D) is smooth and Pic(O Y,π(w) ) has no prime-to-p torsion (as in Lemma 3.6). We claim that Pic(Y sm ) has no nontrivial (p − 1)-torsion, and then the assertion follows from Theorem 4.3 applied toπ. Let L z ⊂ Pic(Ỹ ) be the sublattice generated by the exceptional curves above z ∈ Sing(Y ), and let L = L z (which is a direct sum). We have Pic(
is a p-power (see the proof of Lemma 3.6). Therefore r = 1 and x ∈ L.
Consider the general case. By Proposition 4.1, we have (D) = 0. Hence by Corollary 3.5 there exists a commutative diagram Suppose X and Y are RDP K3 surfaces. We will determine possible characteristics and singularities.
If moreover π is maximal, then Sing(Y ) are as follows.
and hence
Sing(X) is also as described above. In particular, the total index of RDPs of X and that of Y are both equal to 24(p − 1)/(p + 1).
Remark 4.8. Suppose X is a smooth K3 surface and G ⊂ Aut(X) a cyclic subgroup of prime order p. Assume Y = X/G is an RDP K3 surface. If char(k) = p then it is well-known that Sing(Y ) is 24 p+1 A p−1 , and in particular the total index of RDPs of Y is equal to 24(p − 1)/(p + 1). We will see below (Theorem 7.3) that this value is equal to 24(p − 1)/(p + 1) even in characteristic p. Consequently, this value 24(p − 1)/(p + 1) appears for actions of any group scheme G of order p in any characteristic! Proof of Theorem 4.7. We may assume π is maximal. First we prove the assertion for the total indices of Sing(X) and Sing(Y ). Let {w i } ⊂ X and {v j } ⊂ Y be the RDPs, of indices m i and n j respectively. Since π is purely inseparable we have dim H 2 et (X, Q l ) = dim H 2 et (Y, Q l ) and hence i m i = j n j . LetX be the resolution of X andD the induced rational derivation onX. Using Lemma 3.6(2) and Lemma 3.11 we obtain
Each v j is one of those appearing in Table 3 . If G = α p then we have p ≤ 5 and then Sing(Y ) is as stated. If G = µ p then Sing(Y ) is as stated, and hence (p + 1) | 24 and 24(p − 1)/(p + 1) < 22. This implies p ≤ 11. We refer to [Mat17, Theorem 6.1] for the proof of p = 11.
Inseparable morphisms of degree p between RDP K3 surfaces
Suppose π : X → Y is a finite inseparable morphism of degree p between RDP K3 surfaces. It is not always a quotient morphism by a global regular derivation. However we have the following classification.
Theorem 5.1. Suppose π : X → Y is a finite inseparable morphism of degree p between RDP K3 surfaces. Then for some r ≥ 1 and some G ∈ {µ p , α p }, there exists a Z/rZ-equivariant G-quotient morphismπ :X →Ȳ between proper RDP surfaces equipped with Z/rZ-actions, fitting into a commutative diagramXȲ
Among such "coverings"π, there exists a minimal one (i.e. any other such covering admitsπ as a subcovering). Ifπ is minimal, then r ∈ {1, 2, 3, 4, 6} and r | p − 1, the Z/rZ-actions onX andȲ are symplectic (in the usual sense on abelian and K3 surfaces), and moreover exactly one the following holds:
(1)X andȲ are (smooth) abelian surfaces, and r = 1; (2)X andȲ are RDP K3 surfaces, G = µ p , p ≤ 7, and (p, r) = (7, 2), (7, 6); or (3)X andȲ are RDP K3 surfaces, G = α p , p ≤ 5, and (p, r) = (5, 4).
Every case and every remaining (p, r) occurs. Ifπ is minimal and moreover maximal (in the sense of Definition 3.4), then Sing(Y ) is as described in Table 4 . abelian ≡ 1 (mod 6) 6
Proof. As in the proof of Theorem 4.3, take a rational derivation D with Y = X D . Then we have (p − 1)(D) = 0 in Pic(X sm ). Let φ : X sm → X sm be theétale covering trivializing (D) (so r = deg φ divides p − 1). Then the normalizationX of X in k(X sm ) is an RDP surface. We claim thatX is an RDP K3 surface or an abelian surface. This is trivial if r = 1. Assume r ≥ 2, hence p ≥ 3. By constructionX has trivial canonical divisor. IfX is not RDP K3 nor abelian, then it is (quasi-)hyperelliptic surface in characteristic 3. Comparing the l-adic Euler-Poincaré characteristic (which is 0 and 24 for (quasi-)hyperelliptic and K3 surfaces), we observe that the involution g on the resolutionX has 16 fixed points, but then we have
We have φ −1 ((D)) = div(h) for some h ∈ k(X), and thenD := h −1 ·φ * (D) is a regular derivation. WriteXD =Ȳ . Take a generator g X of the Z/rZaction on X. Then g X acts onD by multiplication by a primitive r-th root of unity. Hence g X induces an automorphism g Y onȲ of order r with
SupposeX is an abelian surface. It is proved by Katsura [Kat87, Theorem 3.7 and Table in page 17] that, ifX is an abelian surface and g is a nontrivial symplectic automorphism (fixing the origin) of order r prime to p = char k, then r ∈ {2, 3, 4, 5, 6, 8, 10, 12},X/ g is an RDP K3 surface, and Sing(X/ g ) are as in Table 5 (in [Kat87] the coefficient of A 7 in order 8 is written as 1, but this is a misprint and actually it is 2). In particular, if r ∈ {5, 8, 10, 12} then (since the exceptional curves of the resolution ofX/ g generate a rank 20 negative-definite lattice)X/ g is a supersingular RDP K3 surface andX is a supersingular abelian surface. It is showed [Kat87, Lemma 6 
Hence we obtain r ∈ {2, 3, 4, 6} in our case.
SupposeX is an RDP K3 surface andπ is a µ p -quotient (resp. α pquotient). Then p ≤ 7 (resp. p ≤ 5) by Theorem 4.7. We claim that (p, r) = (7, 2) (resp. (p, r) = (5, 4)) cannot happen.
Supposeπ is a µ 7 -quotient and r = 2. Let w 1 , w 2 , w 4 ∈X be the fixed points ofD on whose tangent spacesD acts by eigenvalues ±1, ±2, ±4 respectively. Since g * XD = −D, g X fixes each of these 3 points. Then g Y fixes 3 RDPsπ(w i ) of type A 6 . Using the description of this action atπ(w i ) to be of the form (x, y, z) → (−x, −y, z) on k[[x, y, z]]/(xy + z 7 ) (for some coordinate x 1/7 , y 1/7 at w i ), we obtain that the induced automorphism of Y fixes at least 3 · (6 + 1) = 21 points, which is impossible for a symplectic automorphism of a K3 surface of order 2. Now supposeπ is an α 5 -quotient and r = 4. Let Fix(D) = {w 1 , w 2 }. Then g 2 X fixes each of these 2 points. Then g 2 Y fixes 2 RDPsπ(w i ) of type E 8 . For each i, Let e i,5 be the exceptional curve onỸ above w i that intersects three other exceptional curves e i,4 , e i,6 , e i, 8 . Then the induced automorphism g 2 Y fixes three points q i,j = e i,5 ∩ e i,j (j = 4, 6, 8), hence fixes the curve e i,5 pointwise, but this is impossible for a symplectic automorphism of a K3 surface (of finite order prime to the characteristic).
We show the minimality. Let ψ :X ′ → X withD ′ be another covering of π with the required properties. Then the pullback ψ * (D) of D toX ′ coincide withD ′ up to k(X) * , in particular (ψ * (D)) ∼ 0 on Pic(ψ −1 (X sm )). Hence ψ| ψ −1 (X sm ) factors through φ| φ −1 (X sm ) , and ψ factors through φ.
The assertion on Sing(Y ) follows from Theorem 4.7, [Kat87, Table] , and the observation that if r > 1 then g X cannot fix a point of Fix(D): If G = µ p , p = 3, 5 (resp. p = 7), and D| m/m 2 is represented by the matrix We will see in Examples 9.2-9.8 (r = 1), 9.12 (r > 1,X abelian), 9.14 (r > 1,X K3) that all cases indeed occur.
Cohomology of RDPs
In Section 7 we will use the description (Lemma 6.2) of certain cohomology groups on RDPs of type D r 4 , D s 8 , and E s 8 in p = 2, E r 6 in p = 3, and E r 8 in p = 5 (r ∈ {0, 1}, s ∈ {0, 1, 2}). 
• (m, Sing(W )) is one of (2,
• Sing(W ) is E 8 , N 1 = OW (e 4 + e 5 + e 6 + e 8 ), N 2 = OW (1e 1 + 3e 2 + 4e 3 + 6e 4 + 7e 5 + 5e 6 + 2e 7 + 4e 8 ), and N 3 = N Proof. For each case, we take a filtration
as below. Then for each j we have M j+1 /M j = M j+1 ⊗ O C j for some proper reduced (possibly reducible) curve C j ⊂ ρ −1 (w), and calculating the degree of M j+1 on each component of C j we obtain H 0 (M j+1 /M j ) = 0. Hence
M 0 = OW (1e 1 + 1e 2 + 1e 3 + 1e 4 + 1e 5 + 1e 6 + 1e 7 + 1e 8 ) = N 1 , M 1 = OW (1e 1 + 1e 2 + 2e 3 + 2e 4 + 2e 5 + 1e 6 + 1e 7 + 1e 8 ), M 2 = OW (2e 1 + 2e 2 + 3e 3 + 3e 4 + 3e 5 + 2e 6 + 1e 7 + 2e 8 ), M 3 = OW (2e 1 + 2e 2 + 3e 3 + 4e 4 + 4e 5 + 2e 6 + 1e 7 + 2e 8 ), M 4 = OW (2e 1 + 3e 2 + 4e 3 + 5e 4 + 5e 5 + 3e 6 + 1e 7 + 2e 8 ), M 5 = OW (3e 1 + 4e 2 + 5e 3 + 5e 4 + 5e 5 + 4e 6 + 2e 7 + 3e 8 ), M 6 = OW (4e 1 + 5e 2 + 5e 3 + 5e 4 + 5e 5 + 5e 6 + 3e 7 + 4e 8 ), M 7 = OW (5e 1 + 5e 2 + 5e 3 + 5e 4 + 5e 5 + 5e 6 + 4e 7 + 5e 8 ), M 8 = OW (5e 1 + 5e 2 + 5e 3 + 5e 4 + 5e 5 + 5e 6 + 5e 7 + 5e 8 
M 0 = OW (0e 1 + 0e 2 + 0e 3 + 0e 4 + 1e 5 + 1e 6 + 1e 7 + 1e 8 ) = N 1 , M 1 = OW (0e 1 + 0e 2 + 1e 3 + 1e 4 + 2e 5 + 2e 6 + 1e 7 + 1e 8 ), M 2 = OW (1e 1 + 1e 2 + 2e 3 + 2e 4 + 3e 5 + 3e 6 + 2e 7 + 2e 8 8 ), M 2 = OW (1e 1 + 3e 2 + 5e 3 + 7e 4 + 9e 5 + 6e 6 + 3e 7 + 5e 8 ), M 3 = OW (2e 1 + 4e 2 + 6e 3 + 8e 4 + 10e 5 + 6e 6 + 3e 7 + 6e 8 ), M 4 = OW (2e 1 + 4e 2 + 6e 3 + 9e 4 + 11e 5 + 7e 6 + 3e 7 + 6e 8 ), M 5 = OW (2e 1 + 5e 2 + 7e 3 + 10e 4 + 12e 5 + 8e 6 + 4e 7 + 7e 8 ), M 6 = OW (2e 1 + 6e 2 + 8e 3 + 11e 4 + 13e 5 + 9e 6 + 4e 7 + 7e 8 ), M 7 = OW (2e 1 + 6e 2 + 8e 3 + 12e 4 + 14e 5 + 10e 6 + 4e 7 + 8e 8 
Let W = Spec A be a local RDP in characteristic p, and suppose (p, Sing(W )) is one of the following:
• (2, D r 4 ), (3, E r 6 ), or (5, E r 8 ), with r ∈ {0, 1}; in these cases we say b = 1.
• (2, D s 8 ) or (2, E s 8 ), with s ∈ {0, 1, 2}; in these cases we say b = 2. Then by a straightforward calculation we obtain the following equalities oñ W . Here γ i are certain non-exceptional curves satisfying γ i ·e i = 1, γ i ·e j = 0 (j = i), and γ i · γ j = 0 (j = i). (By this we mean γ 2+ · e 2− = γ 2+ · γ 2− = 0, etc.)
: div(x) = 1e 1 + 2e 2 + 2e 3 + 1e 4 + 2γ 3 , div(y) = 2e 1 + 2e 2 + 1e 3 + 1e 4 + 2γ 1 , div(z) = 2e 1 + 3e 2 + 2e 3 + 2e 4 + γ 1 + γ 3 + γ 4 , E 6 : div(x) = 2e 1 + 2e 2+ + 2e 2− + 3e 3+ + 3e 3− + 4e 4 + γ 2+ + γ 2− , div(y) = 2e 1 + 1e 2+ + 1e 2− + 2e 3+ + 2e 3− + 3e 4 + γ 1 , div(z) = 3e 1 + 2e 2+ + 2e 2− + 4e 3+ + 4e 3− + 6e 4 + γ 4 , D 8 : div(x) = 1e 1 + 2e 2 + 3e 3 + 4e 4 + 5e 5 + 6e 6 + 4e 7 + 3e 8 + 2γ 7 , div(y) = 2e 1 + 2e 2 + 2e 3 + 2e 4 + 2e 5 + 2e 6 + 1e 7 + 1e 8 + 2γ 1 , div(z) = 2e 1 + 3e 2 + 4e 3 + 5e 4 + 6e 5 + 7e 6 + 4e 7 + 4e 8 + γ 1 + γ 7 + γ 8 , E 8 : div(x) = 2e 1 + 4e 2 + 6e 3 + 8e 4 + 10e 5 + 7e 6 + 4e 7 + 5e 8 + γ 7 , div(y) = 2e 1 + 3e 2 + 4e 3 + 5e 4 + 6e 5 + 4e 6 + 2e 7 + 3e 8 + γ 1 , div(z) = 3e 1 + 6e 2 + 9e 3 + 12e 4 + 15e 5 + 10e 6 + 5e 7 + 8e 8 + γ 8 .
Let C 1 = (x = 0) and C 2 = (y = 0) be the curves on W , and let
, glue them on W 1 ∩ W 2 by t 1 − t 2 = α := z/(xy b ), and let U → W be the normalization of U 1 ∪ U 2 → W 1 ∪ W 2 = W sm ⊂ W . Here N (t i ) are given as follows:
Note that in each case the equality N (t 1 ) − N (t 2 ) = α p − λα holds under F = 0. These descriptions for the cases r = 1, s = 1, 2 are essentially the ones given in [Art77, Sections 4-5] (we note that the equations for p = 3, 5 given there should be fixed as −α 3 − α for p = 3 and α 5 − 2α for p = 5).
By a straightforward computation we obtain the following equalities oñ W , where (1 : f ) denotes the ideal {h ∈ OW | f h ∈ OW }. (1 : N (t 2 )) = OW (−(2e 1 + 2e 2 + 1e 3 + 1e 4 + 2γ 1 )), (3, R r 6 ) : (1 : N (t 1 )) = OW (−(1e 1 + 3e 2+ + 3e 2− + 3e 3+ + 3e 3− + 3e 4 + 3γ 2+ + 3γ 2− )), (1 : N (t 2 )) = OW (−(3e 1 + 1e 2+ + 1e 2− + 2e 3+ + 2e 3− + 3e 4 + 3γ 1 + 1γ 4 )),
(1 : N (t 1 )) = OW (−(1e 1 + 2e 2 + 3e 3 + 4e 4 + 5e 5 + 5e 6 + 5e 7 + 2e 8 + 5γ 7 )), (1 : N (t 2 )) = OW (−(5e 1 + 5e 2 + 5e 3 + 5e 4 + 5e 5 + 3e 6 + 1e 7 + 3e 8 + 5γ 1 )),
(1 : N (t 1 )) = OW (−(1e 1 + 2e 2 + 3e 3 + 4e 4 + 5e 5 + 6e 6 + 4e 7 + 3e 8 + 2γ 7 )), (1 : N (t 2 )) = OW (−(6e 1 + 6e 2 + 6e 3 + 6e 4 + 6e 5 + 6e 6 + 3e 7 + 3e 8 + 6γ 1 )),
(1 : N (t 1 )) = OW (−(2e 1 + 5e 2 + 8e 3 + 11e 4 + 14e 5 + 10e 6 + 6e 7 + 7e 8 + 2γ 7 )), (1 : N (t 2 )) = OW (−(6e 1 + 8e 2 + 10e 3 + 12e 4 + 14e 5 + 9e 6 + 4e 7 + 7e 8 + 4γ 1 )).
LetŨ be the normalization of U × WW .
Lemma 6.2. Let U → W ,Ũ →W , M , and L j be as above. Then,
(2) U is smooth.
, and δ p = 0.
Here we fix a (p − 1)-th root of λ. If r = 1 or s = 2 (resp. s = 1), then g := id + λ 1/(p−1) δ is an automorphism of order p generating Aut W (U ), and π is a Z/pZcovering with Fix(g) consisting precisely of the closed point (resp. dim Fix(g) = 1).
If r = 0 or s = 0, then δ is a derivation of additive type, and π is an α p -covering with Fix(δ) consisting precisely of the closed point. (4) The endomorphism δ of O U extends to an endomorphism δ of OŨ .
We have
and, letting V = Ker δ 2 ⊂ π * OŨ , we have
(5) The extension
, OW ) be the corresponding class. Then ι * (e) = 0, and
(r = 1, s = 2), y · ι * (e) (s = 1), 0 (r = 0, s = 0),
) is the Frobenius, and ι * :
, then e generates the A-module H 1 (W , L 1 ), with Ann(e) = (x, y 2 , z), and moreover L 1 ) ) is the 1-dimensional k-vector subspace generated by y · e. 
Sing(Y ) = {w}, and if we define L ′ 1 ⊃ OỸ with the same coefficients as
is injective and its image is the k-vector space generated by a · e for some a ∈ A * . 
We conclude by comparing the cohomology exact sequences for 0
(2) For the cases r = 1 and s = 1, 2, this is proved by Artin [Art77, Sections 4-5].
If r = 0 or s = 0, let
]] for p = 2, 3, 5 respectively. We observe that B is a normal finite A-algebra generically of degree p, and satisfies B ⊗ A O W i ⊃ O U i . It follows that B = O U , and hence U is smooth.
(3) On each U i there exists a unique endomorphism δ with the required properties. They glue to an endomorphism δ on U 1 ∪ U 2 . Since U is normal and U 1 ∪ U 2 is the complement in U of a codimension 2 subscheme, this δ extends to U .
If r = 1 or s = 2 (resp. s = 1), then g := id + λ 1/(p−1) δ preserves products and satisfies g p = 1, hence is an automorphism. It is nontrivial since λ = 0 and δ = 0. We have Fix(g)| U 1 ∪U 2 = ∅ (resp. Fix(g)| U 1 ∪U 2 = (y = 0)). Since the image of the closed point of U is singular, the closed point belongs to Fix(g).
If r = 0 or s = 0, we have Fix(δ)| U 1 ∪U 2 = ∅, and similarly the closed point belongs to Fix(δ).
(4) We observe that the components e i ⊂ Exc(π) whose coefficient in M are divisible by p are precisely the curves whereπ induces an inseparable extension of the residue fields.
We observe (using the formula for (1 : N (t k )) given before this proof) that each point ofW admits an open neighborhood on which, for an appropriate permutation k 1 , k 2 of 1, 2, we have
It follows that on this neighborhood the OW -module 0≤j<p a j t j k 1
, where a j are generators of L ⊗−1 j , is an OW -algebra integral over OW . Moreover this OW -algebra is normal: indeed, it clearly satisfies (R 1 ) above the exceptional curves onW , and above the intersection of two exceptional curves e i and e i ′ with local generators v i and v i ′ the sequence v i , v i ′ is regular and hence it satisfies (S 2 ). Hence it coincides with OŨ . Then δ extends naturally, and the equations (6.1) and (6.2) follow.
(5) Take an open covering {O h } ofW fine enough and take t h ∈ H 0 (O h , L 1 ⊗ V ) with δ(t h ) = 1. By above, we can take {t h } to be {t 1 , t 2 }, and then we have
, and this means F (e) = λ · ι * (e). We shall show e = 0 in H 1 (W , L 1 ). Suppose e = 0, so that δ : L 1 ⊗ V → OW admits a section. Then the elements t h in the previous paragraph can be taken to be a global element t ∈ H 0 (W , L 1 ⊗ V ). Then, since the restriction
is an isomorphism, we have t ∈ H 0 (Ũ , O). This contradicts Im(Ker 
It suffices to show that y · e ∈ H 1 (W , yL 1 ) maps to a nonzero element of
The image of y · e corresponds to the double cover of W ′ = Spec A ′ given by
where t ′ i = yt i , λ ′ = yλ. From (4) this class is nontrivial. (6) Let Y and L ′ 1 be as in the statement. and let 
→ 0 onỸ andW , we observe that
) = 0, the assertion follows from (5).
7. Z/pZ-, µ p -, α p -coverings of K3 surfaces by K3-like surfaces Let G be one of Z/lZ, Z/pZ, µ p , or α p (l is a prime = p). Suppose π : X → Y is a G-quotient morphism between RDP K3 surfaces in characteristic p, and suppose moreover that π is maximal (Definition 3.4) if G = µ p or G = α p and that X is smooth if G = Z/lZ or G = Z/pZ. If G = Z/lZ, then the following is well-known.
Theorem 7.1.
(1) Let π be as above and suppose G = Z/lZ. Then l ≤ 7 and Sing(Y ) = 24 l+1 A l−1 . Moreover i,j ja i e i,j ∈ l Pic(Ỹ ) for a suitable numbering e i,j (1 ≤ i ≤ 24 l+1 , 1 ≤ j ≤ l − 1, e i,j · e i,j+1 = 1) of exceptional curves ofỸ . Here (a 1 , . . . , a 24/(l+1) ) is given by (1, . . . , 1), (1, . . . , 1) , (1, 1, 2, 2), (1, 2, 4) for l = 2, 3, 5, 7 respectively. Every prime l ≤ 7 occur in every characteristic = l. Examples for each l are well-known.
(2) Take a line bundle M with an isomorphism
(ja i mod l)e i,j ).
Then we have
Equip V with an OỸ -algebra structure using φ and a Z/lZ-action given by the automorphism acting on L k by ζ k l , where ζ l is a primitive l-th root of 1. ThenX := Spec V →Ỹ is a Z/lZ-covering. Above each w i ∈ Sing(Y ), we can contract this to a Z/lZ-covering of O Y,w i by a regular local ring (to check this, it suffices to observe that the fibered product of the resolution and the fundamental covering of A l−1 coincides with the above description). Hence we obtain a Z/lZ-covering π : X → Y . It is clear from the construction that π is finiteétale outside Sing(Y ). Hence X is a smooth proper surface. A non-vanishing 2-form on Y sm pullbacks to a non-vanishing 2-form on X \ π −1 (Sing(Y )), which then extends to X. As π is finiteétale outside Sing(Y ), we have χ(
), therefore χ(X) = 24. Here χ is the l ′ -adic Euler-Poincaré characteristic for an auxiliary prime l ′ = char k. Hence X is a K3 surface. (Alternatively, one can check χ(L k ) = 0 for k = 0 and conclude χ(π * O X ) = 2. Here χ is the Euler-Poincaré characteristic of the sheaf cohomology.)
We prove analogous statements for Z/pZ, µ p , and α p . However, in the converse statement for µ p and α p , the covering is a K3-like surface in the following sense but not necessarily birational to a K3 surface. This situation is similar to the canonical µ 2 -or α 2 -coverings of classical or supersingular Enriques surfaces in characteristic 2, where the covering is K3-like ([BM76, Proposition 9]) but not necessarily birational to a K3 surface. (1) Let G be µ p , Z/pZ, or α p . Let π be as above. Then (G, Sing(Y )) is one of those listed in Table 6 , and if G = µ p then moreover i,j ja i e i,j ∈ p Pic(Ỹ ). Every case occur. (2) Conversely, suppose Y is an RDP K3 surface with singularities as in Table 6 , let G be the corresponding group scheme, and if G = µ p suppose moreover i,j ja i e i,j ∈ p Pic(Ỹ ). Then there exists a Gquotient morphism π : X → Y , from a proper K3-like surface X with Sing(X) ∩ π −1 (Sing(Y )) = ∅ and Supp Fix(G) = π −1 (Sing(Y ) ). If G = Z/pZ then X is a smooth K3 surface. If G = µ p or G = α p , then one of the following holds:
• X is an RDP K3 surface.
• X is a normal rational surface with Sing(X) consisting of a single non-RDP singularity, and p ≥ 3.
• X is a non-normal rational surface with dim Sing(X) = 1.
All three cases of (2) occur for all G ∈ {µ p (p ≤ 7), α p (p ≤ 5)} unless otherwise stated. See Examples in Section 9.4. Remark 7.4. In the case of Z/pZ-quotients, Dolgachev-Keum [DK01, Theorems 2.4 and 2.8] gave a partial result for Theorem 7.3(1), see the proof of the theorem. (We note that in [DK01, Remark 2.6] they say that a point is E 4 8 , but this is a misprint and actually it is E 2 8 .) The proof of Theorem 7.3 gave us an unexpected consequence on nonexistence of certain RDP K3 surfaces. Also it is proved by Artin [Art77] that the only RDP in characteristic 3 (resp. 5) that is an unramified Z/pZ-quotient of a regular local ring is E 1 6 (resp. E 1 8 ). Therefore it remains to show the impossibility of (p, Sing(Y )) = (2, 1D 1 4 ), (3, 1E 1 6 ), (5, 1E 1 8 ). Assume this is the case. As in Lemma 6.2, let L 1 = OỸ (ρ −1 (w) red ) andX = X × YỸ (where w is the RDP), define δ ∈ End(OX ) by δ = g − 1, and let V = Ker δ 2 ⊂ π * OX . Then the extension
is non-split, since its restriction to the resolution ofÔ Y,w is non-split (Lemma 6.2(5)). But this is impossible since Ext
(2) Suppose G = µ p . As in Theorem 7.1(2) (with l replaced with p, and µ p -action given by the derivation of multiplicative type acting by k ∈ F p on L k ), we obtain a µ p -covering π : X → Y . Since in this case π is notétale over Y sm , X may be singular.
We mimic [BM76, proof of Proposition 9] to show that X is K3-like. X is Gorenstein (since in fact it is local complete intersection by construction), and hence admits a dualizing sheaf ω X . To show that ω X ∼ = O X , it suffices to construct an O Y -linear map t : π * O X → ω Y such that t(x · y) is a non-degenerate quadratic form. We take t to be the composite of the
Since X is connected and reduced we have h 0 (O X ) = 1, and
Take a nonzero local section t ∈ M ⊗ L 1 , let s = φ(t p ) ∈ O Y , and let η = d log(s) (note that s is not a p-th power of a section of O Y ). We observe that this is independent of the choice of t and that it defines a nontrivial global regular 1-form on Y sm . Since on Y sm we have
Here − n is the normalization.
We note that this construction of η and D is also taken from [BM76, proof of Corollary in Section 3, and Section 5].
Suppose Next suppose λ = 0. Then, by Corollary 3.7, either every singularity of X is RDP, or X has a single singularity and it is non-RDP and p ≥ 3. In the latter case X is a rational surface by Proposition 4.1. Now we consider the cases G = Z/pZ and G = α p simultaneously. First suppose (p, Sing(Y )) is (2, 2D r 4 ), (3, 2E r 6 ), or (5, 2E r 8 ) with r = 1 (resp. r = 0). Write Sing(Y ) = {w 1 , w 2 }.
Define line bundles L j (0 ≤ j ≤ p − 1) onỸ as in Lemma 6.2 (so, for example, L 1 = OỸ (ρ −1 (w 1 ) red + ρ −1 (w 2 ) red )), and take the non-split extension
which is unique up to scalar. Let e ∈ H 1 (Ỹ , L 1 ) the corresponding element and e i := e|W i ∈ H 1 (W i , L 1 ) be its restriction to the resolutionW i of W i = Spec O Y,w i . By Lemma 6.2(6) and (5), we have e i = 0 and that there exist unique scalars λ i ∈ k such that F (e i ) = λ i · ι * (e i ), and λ i = 0 (resp. λ i = 0). We claim that λ 1 = λ 2 . Using the
where the double vertical arrows are F and ι * . Since 0 = γ(β(F (e))) = γ(F (e 1 + e 2 )) = γ(ι * (λ 1 e 1 + λ 2 e 2 )) = ι * (γ(λ 1 e 1 + λ 2 e 2 )) and since ι * on H 2 (Ỹ , O) is an isomorphism, we have λ 1 e 1 +λ 2 e 2 ∈ Ker(γ) = e 1 +e 2 . Hence λ 1 = λ 2 . It follows that F (e) = λ·ι * (e), where
Take an open covering {O h } ofỸ fine enough and take local sections
We equip the locally-free sheaf
with an OỸ -algebra structure by t p h := λt h + c h , and denote byX the spectrum of this OỸ -algebra. Thenπ :X →Ỹ is separable (resp. purely inseparable) and unramified outside the exceptional curves. Extend δ : L 1 ⊗ V → OỸ to an endomorphism on this locally-free sheaf by δ(ab) = δ(a)b+aδ(b)+λ 1/(p−1) δ(a)δ(b) (note that this is compatible with the equality t p h := λt h + c h ). Then λ 1/(p−1) δ + id is a generator for AutỸ (X) ∼ = Z/pZ (resp. δ is a derivation of additive type onX overỸ ).
Above each w i ∈ Sing(Y ), we can contract this to a G-covering of O Y,w i by a regular local ring (again, this follows from the description of G-covering of the RDP, given in Lemma 6.2). Hence we obtain a G-covering π : X → Y .
Using the morphismt = δ p−1 :π * OX → OỸ , we conclude as in the µ p case that X is K3-like.
Suppose G = Z/pZ. It is clear from the construction that π is finiteétale outside Sing(Y ). Hence X is a smooth proper surface. A non-vanishing 2-form on Y sm pullbacks to a non-vanishing 2-form on X \ π −1 (Sing(Y )), which then extends to X. Let e Y ∈ H 1 (Ỹ , L 1 ) be the corresponding element. Let e W ∈ H 1 (W , L 1 ) be the generator as in Lemma 6.2(5) (so F (e W ) = ι * (e W ) (resp. F (e W ) = 0)). By Lemma 6.2(7), we have e Y |W = a·e W for some a ∈ (k[[x, y, z]]/(x, y 2 , z)) * . If s = 2, using the diagram
we obtain as in the previous case that
hence a ∈ k * . Consequently there exists a unique scalar λ ∈ k such that F (e Y ) = λ · ι * (e Y ), and λ = 0 (resp. λ = 0). We conclude as in the previous case.
Proof of Corollary 7. 8 ) with r 1 , r 2 ∈ {0, 1}. As in the proof of the previous theorem we obtain λ 1 = λ 2 , and we have λ i = 0 if and only if r i = 0. Hence
Then letting e W and e Y |W = a · e W be as in the previous theorem, we have a 2 y · e W ∈ a · e W k , which is impossible since e W is a basis of the rank 1 free
, and a is a unit and y is a nonzero non-unit element.
Coverings of supersingular Enriques surfaces in characteristic 2
Let X be a classical or supersingular (smooth) Enriques surface in characteristic 2 (i.e. an Enriques surface with Pic τ (X) = Z/2Z or α 2 respectively). Let π : Y → X be its canonical µ 2 -or α 2 -cover. We recall some known properties of Y .
• -Y has only RDPs as singularities, and Y is an RDP K3 surface.
-Y has only isolated singularities, it has at least one non-RDP singularity, and Y is a normal rational surface. -Y has 1-dimensional singularities, and Y is a non-normal rational surface. 
12 .
• [Sch17, Section 13, Theorem 14.1] If Y has an isolated non-RDP singularity, then it is an elliptic double point singularity, and there are no other singularities on Y . Such examples exist.
By using similar arguments as in Theorem 7.3(2), we can give some restrictions on the singularities of the canonical α 2 -coverings of supersingular Enriques surfaces in characteristic 2, assuming it is an RDP K3 surface. Since this method depends on the triviality of the canonical divisor of X, it cannot be applied to classical Enriques surfaces. . Let X be a supersingular Enriques surface (in characteristic 2). They showed that there exists a regular vector field ϑ (canonical up to scalar) and they gave two examples of X, second of which is claimed to have δ X = 0, where δ X is the scalar defined by ϑ 2 = δ X ϑ which (by normalizing ϑ) we may assume ∈ {0, 1}, However their calculation is incorrect and this X actually has δ X = 1. Note that δ X = 1 (resp. δ X = 0) is equivalent to the morphism X → (Y (2) ) n being a µ 2 -quotient (resp. an α 2 -quotient), where Y → X is the canonical covering of the Enriques surface.
Their construction is as follows. Let Y ⊂ P 5 be the complete intersection of the three quadrics • X and Y are RDP K3 surfaces, and the induced morphism
We also give examples with G = α 2 and Sing(Y ) = 2D 0 4 , D 0 8 , E 0 8 .
• Y is an RDP K3 surface with Sing(Y ) and Pic(Ỹ ) as in Table 6 , X is the corresponding G-covering that is a K3-like rational surface, and -X has a single singularity, which is a non-RDP,
In this case π ′ : Y → (X (p) ) n is an α p -quotient morphism with rational quotient.
We do not know whether the following is possible: X and Y are RDP K3 surfaces, (G, G ′ ) = (α 5 , α 5 ).
Below we use the following description of derivations. Suppose X is a projective scheme over k, L is an ample line bundle on it, and
This can be applied for example to X = (F = 0) ⊂ P 3 and D * ∈ End k (H 0 (O P 3 (1))) satisfying D * (F ) = cF for some c ∈ k. Below we write simply D in place of D * . Example 9.2 (G = µ 2 (resp. G = α 2 )). Let F ∈ k[w, x, y, z] be a homogeneous quartic polynomial belonging to
and let X = (F = 0) ⊂ P 3 . Such F is uniquely written as 
is of multiplicative type, and if K = 0 then D ′ is of additive type. This gives an 11-(resp. 10-) dimensional family Y of µ 2 -actions which degenerate to α 2 -actions in codimension 1. One can check that if F is generic then Sing(X) is 8A 1 , if F is generic with K = 0 then Sing(X) is 2D 0 4 , and if F is generic with K = 0 and #(H = I = J = 0) = 1 then Sing(X) is 1D 0 8 . If G = µ 2 and (H, I, J, K) = (y 4 + z 4 , w 2 , x 2 , 0) then Sing(X) is 1E 0 8 . If G = α 2 and (H, I, J, K) = (w 4 + y 2 z 2 , x 2 , y 2 , 0) then Sing(X) is 1E 0 8 and Sing(Y ) is 1D 0 8 . If G = µ 2 and (H, I, J, K) = (y 2 I + x 2 J, w 2 + y 2 , x 2 + λ 2 z 2 , 0) (resp. G = α 2 and (H, I, J, K) = ((z 2 + w 2 )I + x 2 J, w 2 + z 2 , x 2 + λ 2 y 2 , 0)), with λ ∈ k \ F 2 , then Sing(X) = (I = J = 0), hence X is non-normal, and Sing(Y ) consists of π(Fix(D)) = 8A 1 (resp. π(Fix(D)) = 1D 0 8 ) and 4A 1 (resp. 1A 1 ) contained in π(Sing(X)). Let Y ′ → Y be the resolution of the latter singularities. Then X × Y Y ′ → Y ′ is an example of a non-normal µ 2 -(resp. α 2 -) covering.
Example 9.3 (G = µ 3 (resp. G = α 3 )). Let F ∈ k[x, y, z] be a homogeneous sextic polynomial belonging to k[x, y 3 , z 3 , A], where A = yz (resp. A = xz + y 2 ), and let X = (w 2 + F = 0) ⊂ P(3, 1, 1, 1). Such F is uniquely written as 
is of multiplicative type and if J = 0 then D ′ is of additive type. This gives a 7-(resp. 6-) dimensional family Y of µ 3 -actions which degenerate to α 3 -actions in codimension 1. One can check that if F is generic then Sing(X) is 6A 2 , and if F is generic with J = 0 then Sing(X) is 2E 0 6 . If (H, I, J) = ((x 3 + y 3 ) 2 + (y 3 − z 3 ) 2 , y 3 − z 3 , 0) then X has a single singularity at (0, 1, 1, 1) (resp. (0, 0, 1, 0)), which is a non-RDP, X is a rational surface, and Y is an RDP K3 surface with Sing(Y ) = 6A 2 (resp. Sing(Y ) = 2E 0 6 ). If (H, I, J) = ((x 3 +y 3 +z 3 ) 2 , x 3 +y 3 +z 3 , 0), then X is non-normal rational surface with Sing(X) = (w = x + y + z = 0), and Y is an RDP K3 surface with Sing(Y ) is 6A 2 (resp. Sing(Y ) contains 2E 0 6 ), and X × Y Y ′ → Y ′ , where Y ′ = Y (resp. Y ′ → Y is the resolution of RDPs of other than 2E 0 6 ) is an example of a non-normal µ 3 -(resp. α 3 -) covering. Define a derivation D ′ on Y by
Then it satisfies Y D ′ = X (5) and D ′5 = eD ′ , where e = a 2 2 − 3a 0 a 4 . If e = 0 then e −1/4 D ′ is of multiplicative type and if e = 0 then D ′ is of additive type. This gives a 3-dimensional family Y of µ 5 -actions which degenerate to α 5 -actions in codimension 1. One can check that if F is generic then Sing(X) is 4A 4 , and if F is generic with e = 0 then Sing(X) is 2E 0 8 . If F = (A − x 2 ) 3 + x(2x 5 + y 5 + z 5 ), then X has a single singularity at (w, x, y, z) = (0, 1, −1, −1), which is a non-RDP, X is a rational surface, and Y is an RDP K3 surface with Sing(Y ) = 4A 4 + A 2 , where A 2 is the image of the non-RDP. Let Y ′ → Y be the resolution of the A 2 point, then Sing(X × Y Y ′ ) is a single non-RDP. Y admits a derivation D ′ defined by (1/p) is the α 5 -covering of Y , with a single singularity that is non-RDP.
Example 9.7 (G = µ 5 (resp. G = α 5 )). Let a ∈ k and assume a(a 3 − 2) = 0 (resp. a = 0). Let S be the elliptic RDP K3 surface y 2 = x 3 +ax 2 +t 5 (t−1) 5 , equipped with the derivation D ′ = ∂/∂t having 1-dimensional fixed locus at t = ∞. Then Sing(S) is 4A 4 at t = 0, t = 1, t 5 (t − 1) 5 + 2a 3 = 0 (resp. 2E 0 8 at t = 0, t = 1). S admits a non-normal µ 5 -(resp. α 5 -) covering, birational to (S D ′ )
(1/p) . We see that S D ′ is a certain compactification of y 2 = x 3 + ax 2 + T (T − 1), where T = t 5 .
Example 9.8 (G = µ 7 ). Let S be the elliptic RDP K3 surface y 2 = x 3 + t 7 x + 1, equipped with the derivation D ′ = ∂/∂t having 1-dimensional fixed locus at t = ∞. Then Sing(S) = 3A 6 at −4(t 7 ) 3 − 27 = 0. Similarly to the previous example, S admits a non-normal µ 7 -covering birational to (S D ′ ) (1/p) . We see that S D ′ is a certain compactification of y 2 = x 3 +T x+1,
where T = t 7 . Let ξ = t −2 X + ab. Let ∆ = −4a 3 − 27b 2 . Let f : T S be the rational map defined by f (X, Y ) = t 2 ξ 5 − abξ 4 − a 2 ∆ξ 3 − a∆ 3 ξ (2aξ 2 + ∆ 2 ) 2 , Y ξ 6 + a 2 ∆ξ 4 − 2b∆ 2 ξ 3 − a∆ 3 ξ 2 + 2∆ 5 (2aξ 2 + ∆ 2 ) 3 .
Over k(t), this defines a separable (resp. inseparable) isogeny of degree 5 between ordinary (resp. supersingular) elliptic curves if a = 0 (resp. a = 0). Suppose b is generic and a = 0. Then T and S are RDP K3 surfaces with 4A 4 and 2E 1 8 respectively. LetT → T be the resolution. Then f induces a finite morphismT → S that is the quotient morphism of a Z/5Z-action generated by the translation by a 5-torsion point (X, Y ) = ( 2 e 2 ∆ − ab, 2∆(e 3 + b e 3 )), e 4 = 2a. Suppose a = 0 and disc(c) = b 2 0 −4b −1 b 1 = 0 (so c is not a square). Then T and S are both RDP K3 surfaces with 2E 0 8 . LetT → T be the resolution, C be the unique 4A 4 configuration contained in the union of the two fibers over t = 0 and t = ∞, andT → T ′ be the contraction of C. Then T ′ is an RDP K3 surface with 4A 4 , and f induces a finite morphism f ′ : T ′ → S which is an α 5 -quotient morphism. Define a derivation D ′ on S by D ′ (x) = 2c ′ (t)x, D ′ (y) = 3c ′ (t)y, D ′ (t) = c(t). We have D ′5 = (disc(c)) 2 D ′ . This defines a µ 5 -action on S whose quotient is T ′ (5) .
Suppose a = 0 and disc(c) = b 2 0 − 4b −1 b 1 = 0 (so c is a square). Then Sing(S) contains 2E 0 8 , the derivation D ′ on S defined as above has divisorial fixed locus, and the corresponding α 5 -covering of S is non-normal. 9.5. Inseparable morphisms of degree p between RDP K3 surfaces. We give an example for each case with r > 1 mentioned in Theorem 5.1. Example 9.12 (Kummer surfaces and generalized Kummer surfaces (cf.
[Kat87])). Let r ∈ {2, 3, 4, 6}. Let p be a prime with p ≡ 1 (mod r). Let π : A → B be a purely inseparable isogeny of degree p between abelian surfaces in characteristic p, (automatically) induced by a derivation, say D. Suppose we have symplectic automorphisms g A ∈ Aut 0 (A) and g B ∈ Aut 0 (B) of same order r satisfyingπ • g A = g B •π and g * A (D) = ζD for a primitive r-th root ζ of unity. Here Aut 0 is the group of automorphisms preserving the origin. Then π : A/ g A → B/ g B is a purely inseparable morphism of degree p between RDP K3 surfaces, whose covering as in Theorem 5.1 isπ.
The singularities of the quotients are as in Table 5 [Kat87, Table in page 17]: 16A 1 , 9A 2 , 4A 3 + 6A 1 , A 5 + 4A 2 + 5A 1 for r = 2, 3, 4, 6 respectively.
Examples of suchπ, g A , g B are given as follows. If r = 2, takeπ arbitrarily and let g A = [−1] A , g B = [−1] B . If r = 3, 4, 6, take an elliptic curve E equipped with an automorphism h ∈ Aut 0 (E) of order r, and letπ : A = E × E → B = E × E (p) and g A = h × h −1 , g B = h × (h (p) ) −1 . Then g B is symplectic since p ≡ 1 (mod r).
Remark 9.13. Ifπ : A → B be a purely inseparable morphism of degree p between non-supersingular abelian surfaces in characteristic p = 2, then π : A/{±1} → B/{±1} is a µ 2 -or α 2 -quotient morphism between RDP K3 surfaces. More precisely, if p-rank(A) = 2 (resp. p-rank(A) = 1) then both Sing(A/{±1}) and Sing(B/{±1}) are 4D 1 4 (resp. 2D 2 8 ) (Katsura [Kat78,
Proposition 3]), and bothπ and π are µ 2 -quotient (resp. either both are µ 2 -quotient or both are α 2 -quotient). If A is (and hence B is) supersingular, then A/{±1} is not birational to a K3 surface, instead it is a rational surface with a single non-RDP singularity (Katsura [Kat78, Proposition 3]), and so is B.
Example 9.14. For each pair of G ∈ {µ p , α p } and r > 1 appearing in Theorem 5.1(2,3), we give an example of an RDP K3 surfaceX with a derivation D of multiplicative type or additive type and a symplectic automorphism g ∈ Aut(X) of order r such thatȲ =X D is an RDP K3 surface and g * (D) = ζD for a primitive r-th root ζ of unity, hence g induces a symplectic automorphism g ′ ∈ Aut(Y ) (of order r), and the induced morphism π : X =X/ g → Y =Ȳ / g ′ hasπ :X →Ȳ as its minimal covering as in Theorem 5.1.
[µ 5 , r = 4] LetX = (x 3 1 x 2 − x 3 2 x 4 + x 3 4 x 3 − x 3 3 x 1 = 0) ⊂ P 3 be the quartic RDP K3 surface (with 4A 4 at {(x 1 : x 2 : x 3 : x 4 ) = (1 : 2e 3 : e : 3e 2 ) | e 4 = −1}), and define a derivation D and an automorphism g ofX by D(x i ) = ix i , g(x i ) = x (2i mod 5) . Then both D and g are symplectic, and g * D = 2 −1 D. Hence π : X =X/ g → Y =Ȳ / g is an example withπ a µ 5 -quotient and r = 4.
[µ 7 , r = 3] Suppose b = 0 in Example 9.5, and let g(w, x 1 , x 2 , x 4 ) = (w, x 4 , x 1 , x 2 ). Then g is symplectic and g * D = 2D.
[α 5 , r = 2] Suppose e = 0 in Example 9.4 and suppose moreover b = c, and let g(w, x, y, z) = (−w, x, z, y). Then g * D = −D and g * D ′ = −D ′ .
[µ 3 (resp. α 3 ), r = 2] In Example 9.3 suppose that J = 0 (resp. J = 0) and that H and I are invariant under (x, y, z) → (x, z, y) (resp. (x, y, z) → (x, −y, z)). For example, let F = x 6 + y 6 + z 6 + xyz(y 3 + z 3 ) (resp. F = x 6 + y 6 + z 6 + x(xz + y 2 )(x 3 − z 3 )). Let g(w, x, y, z) = (−w, x, z, y) (resp. g(w, x, y, z) = (−w, x, −y, z)). Then g * (D) = −D.
